Abstract. A method to construct positive de nite operator-valued kernels on free product semigroups amalgamated over the identity is presented. A complete description of the structure of positive de nite Toeplitz kernels on free products of semigroups is given.
Introduction and preliminaries
Let P be a unital semigroup with neutral element e and let B(H) be the algebra of all bounded operators on a Hilbert space H. A hermitian operator-valued kernel on P is a map K : P P ! B(H) with the property that K( ; !) = K(!; ) ( ; ! 2 P). If We show in Section 2 that if K i (i 2 I) are positive de nite Toeplitz kernels on semigroups, then the free product kernel K has the same properties. This extends Bozejko's result concerning positive de nite operator-valued functions on free products of groups B] .
In Section 3, we study the structure of positive de nite Toeplitz kernels on semigroups, extending the Naimark dilation theorem ( N] , SzF]) to our setting.
The results of these two sections are combined in order to obtain isometric (resp. unitary) representations for free products of semigroups. Certain consequences of these results are considered in the next sections.
Let G be a discrete subgroup of the additive group of real numbers and G + be the unital semigroup of nonnegative elements of G. Let fV i (s)g s2G + B(K) (i = 1; 2; : : :; n) be n orthogonal semigroups of isometries, i.e., V i (0) = I K ; V i (s + t) = V i (s)V i (t)
for any s; t 2 G + ; i = 1; 2; : : :; n, and such that V 1 (s)V 1 (s) + + V n (s)V n (s) I K for any s 2 G + nf0g. Here, n = 1; 2; : : :; 1 and by abusing notations, when n = 1 we meen a sequence of semigroups. We denote by C (fV i (s)g the Calgebra generated by the isometries V i (s); i = 1; 2; : : :; n; s 2 G + . This C -algebra has been studied by many authors in various particular cases. Coburn ( Co1] , Co2]) studied the C -algebra generated by one isometry (this corresponds to the case G + = N; n = 1) and Douglas Do] proved that the C -algebra generated by one semigroup of isometries fV 1 (s)g s2G + is either a quotient of C(Ĝ) or a generalized Toeplitz algebra. The case when G + = N; n = 2; 3; : : :; 1, was studied by Cuntz Cu] . In D1], Dihn considered the case when G + is a countable dense subsemigroup of 0; 1) and n = 2; 3; : : :; 1.
The C -algebras C (fV i (s)g), with G + dense, are special cases of a family of C -algebras arising naturally from the Arveson-Powers-Robinson index theory of semigroups of endomorphisms of type I factors ( Ar2] , D2]).
In Sections 4, 5, we study the closed nonselfadjoint algebra generated by V i (s); i = 1; 2; : : :; n; s 2 G + , where G + is commensurable and n = 2; 3; : : :; 1.
De ne the free product semigroup n G + := G + 1 G + n ;
POSITIVE DEFINITE KERNELS AND UNIVERSAL ALGEBRAS 3 where G + i is an isomorphic copy of G + for any i = 1; 2; : : :; n. Let A n (G + ) be the closed nonselfadjoint algebra on`2( n G + ) generated by the operators of left multiplication by elements of n G + , and let C r ( n G + ) be the C -algebra generated by them. Notice that, in the particular case when G + = Z + = f0; 1; 2; : ::g; A n (Z + ) is the noncommutative disc algebra A n introduced in Po1] (see also Po2]), and C r ( n Z + ) = C (S 1 ; : : :; S n ) is the extension through compacts of the Cuntz algebra O n (n 2) Cu]. We prove in Section 5 that A n (G + ) is the universal algebra generated by n semigroups of contractions fT i (s)g s2G + B(H) (i = 1; 2; : : :; n) such that (1.1) T 1 (s)T 1 (s) + + T n (s)T n (s) I H for any s 2 G + nf0g.
It is clear that a sequence of semigroups of contractions T = fT i (s)g s2G + B(H); i = 1; 2; : : :; n, satisfying (1.1), gives rise to a contractive representation
t ik 2 n G + ; with i 1 6 = i 2 6 = 6 = i k ; i 1 ; : : :; i k 2 f1; 2; : : :; ng, and T (0) = I H . Let P( n G + ) be the set of formal linear combinations of elements of n G + with the obvious algebra structure. An element p 2 P( n G + ) has the form p = X nite a g g; a g 2 C; g 2 n G + :
We prove in Section 4 that if G + is commensurable, then the contractive representation T admits a minimal isometric dilation, i.e., there is a Hilbert space K H and an isometric representation : n G + ! B(H) determined by semigroups of isometries fV i (s)g s2G + B(K); i = 1; 2; : : :; n, satisfying the properties: (i) V 1 (t)V 1 (t) + + V n (t)V n (t) I K ; for any t 2 G + nf0g;
(ii) T (g) = P H (g)j H ; g 2 n G + ;
4 GELU POPESCU Moreover, the minimal isometric dilation satisfying these properties is uniquely determined up to an isomorphism. Using the results from Sections 2, 3, we extend this result to a more general setting. In Section 5, we prove the following extension of the von Neumann inequality ( vN] , Po1]) (1.2) k~ T (p)k kpk C r ( nG + ) kpk C ( nG) ; p 2 P( n G + );
where any polynomialp is viewed as an element of the reduced C -algebra C r ( n G + ) (resp. the full group C -algebra C ( n G)). Notice that in the particular case when G + = Z + we nd the noncommutative von Neumann inequality proved in Po1]
(see also Po2], Po4]). Moreover, the inequality (1.2) is extended to matrices.
Let us remark that all the results of this paper hold true for n = 1 in a slightly adapted version.
In a subsequent paper we will study the generalized disc algebra A n (G + ) in a more general setting.
2. Positive de nite kernels on free products of semigroups Let P 1 ; P 2 be unital semigroups and let P := P 1 P 2 be the unital free product semigroup amalgamated over the identity e. We can assume that P 1 \ P 2 = feg. If x 2 Pnfeg, then it has the unique representation (2.1) x = 1;i1 2;i2 k;ik where j;ij 2 P ij nfeg; i j 2 f1; 2g; i j 6 = i j+1 ; j = 1; 2; : : :; k ? 1: Let us introduce the block length function j j on the free product semigroup P setting jej = 0 and jxj = k if x 2 P is of the form (2.1). For each r = 1; 2; : : :; jxj, let s r (x) be the r th factor in the representation (2.1) of x. Notice that we have x = s 1 (x)s 2 (x) s jxj (x): Let K i : P i P i ! B(H) (i = 1; 2) be kernels such that K i (! i ; i ) = K i ( i ; ! i ) for any ! i ; i 2 P i . In the following we will de ne a kernel K : P P ! B(H) such that K( ; !) = K(!; ) ( ; ! 2 P) and Kj Pi Pi := K i (i = 1; 2). If x 2 Pnfeg has the representation (2.1) we de ne K(e; x) := K i1 (e; 1;i1 ) K ik (e; k;ik ) If fs 1 (!); s 1 ( )g 6 P i (i = 1; 2) then we set K(!; ) := K(!; e)K(e; ):
Now, let !; 2 Pnfeg be such that s 1 (!) = s 1 ( ). Let r be the maximum natural number such that s i (!) = s i ( ) for any i = 1; 2; : : :; r. De ne
if r = j j < j!j
if r = j!j = j j: Since Kj Pi Pi = K i (i = 1; 2) and K i (! i ; i ) = K i ( i ; ! i ) for any ! i ; i 2 P i , one can see that the kernel K, de ned above, has the property K(!; ) = K( ; !) for any !; 2 P. Notice also that if K i (i = 1; 2) are Toeplitz kernels, then K is also a Toeplitz kernel. The kernel K is denoted by K 1 K 2 and called the free product of K 1 and K 2 . Let S 1 ; S 2 be two sets such that S 1 \ S 2 = fx 0 g, and let K 1 ; K 2 be kernels on S 1 ; S 2 , respectively, such that K 1 (x 0 ; x 0 ) = K 2 (x 0 ; x 0 ) = I. Following B], we de ne a kernel K on S 1 S 2 in the following way:
(1) Kj Si Si = K i (i = 1; 2); Proof. Since P := P 1 P 2 is the free product semigroup amalgamated over the identity e, we can assume that P 1 \ P 2 = feg. Consider the following sets:
X 0 = P 1 ; Y 0 = P 2 ; and for any k = 1; 2; : : :;
f 1 1 2 k?1 k P 2 g;
f 1 1 k?1 k P 1 g;
De ne also X = it is enough to prove that Kj Zm Zm is positive de nite for any m = 0; 1; 2; : ::.
We proceed by induction. Notice that Kj Z0 Z0 = Kj P1 P1 = K 1 is positive de nite. Assume that Kj Zm Zm is positive de nite and let us prove that Kj Zm+1 Zm+1 is positive de nite.
Suppose that m = 2k ?1 is xed (the proof is similar in the case when m = 2k).
Notice that Kj Z2k Z2k is positive de nite if and only if Kj n n is positive de nite for any n = 1; 2; : : :, where
k ; 1 r j and p 0 1 2 P 1 .
Case (i). We further divide the proof into two subcases: (a) s 1 ( j ) 6 = s 1 (y j+1 p 1 ); (b) s 1 ( j ) = s 1 (y j+1 p 1 ).
Subcase (a). Since fs 1 ( j ); s 1 (y j+1 )g P 1 nfeg, according to the de nition of K, we have K( j ; y j+1 p 1 ) = K(s 2 ( j ) s j jj ( j ); e)K 1 (s 1 ( j ); s 1 (y j+1 ))K(e; s 2 (y j+1 ) s jyj+1j (y j+1 )p 1 ) = K(s 2 ( j ) s j jj ( j ); e)K 1 (s 1 ( j ); s 1 (y j+1 ))K(e; s 2 (y j+1 ) s jyj+1j (y j+1 ))K(e; p 1 ) = K( j ; y j+1 )K(e; p 1 ) = K( j ; y j+1 )K(y j+1 ; y j+1 p 1 ):
Therefore, the relation (2.4) holds in this subcase. with fs q+1 ( j ); s q+1 (y j+1 )g P i for some i = 1; 2, and s q+1 ( j ) 6 = s q+1 (y j+1 ).
Using the de nition of K, we have K( j ; y j+1 p 1 ) = K(s q+1 ( i ) s j jj ( j ); s q+1 (y j+1 ) s jyj+1j (y j+1 )p 1 ): On the other hand, this is equal to K(s q+1 ( j ) s j jj ( j ); s q+1 (y j+1 ) s jyj+1j (y j+1 ))K(e; p 1 ) = K( j ; y j+1 )K(y j+1 ; y j+1 p 1 ); which proves that the relation (2.4) holds in subcase (b), therefore in case (i).
Case (ii). We divide the proof into two subcases:
( ) s 1 (y r ) 6 = s 1 (y j+1 );
( ) s 1 (y r ) = s 1 (y j+1 ).
Subcase ( ). Since fs 1 (y r ); s 1 (y j+1 )g P 1 and jy r j = jy j+1 j = 2k, we have K( j ; y j+1 p 1 ) = K(y r p 0 1 ; y j+1 p 1 ) = K(s 2 (y r ) s 2k (y r )p 0 1 ; e)K 1 (s 1 (y r ); s 1 (y j+1 ))K(e; s 2 (y j+1 ) s 2k (y j+1 ))K(e; p 1 ) = K(y r p 0 1 ; y j+1 )K(e; p 1 ) = K( i ; y j+1 )K(y j+1 ; y j+1 p 1 ): Therefore, the relation (2.4) is satis ed.
Subcase ( ). Since y r 6 = y j+1 , there exists 1 q 2k ? 1 such that s i (y r ) = s i (y j+1 ) for any i = 1; 2; : : :; q, and s q+1 (y r ) 6 = s q+1 (y j+1 ). Assume that q 2k ? 2. Since fs q+1 (y r ); s q+1 (y j+1 )g P 1 (resp. P 2 ) if q is even (resp. q is odd) we have K( j ; y j+1 p 1 ) = K(y r p 0 1 ; y j+1 p 1 ) = K(s q+1 (y r ) s 2k (y r )p 0 1 ; s q+1 (y j+1 ) s 2k (y j+1 )p 1 ) = K(s q+2 (y r ) s 2k (y r )p 0 1 ; e)K(s q+1 (y r ); s q+1 (y j+1 ))K(e; s q+2 (y j+1 ) s 2k (y j+1 )p 1 ) = K(y r p 0 1 ; y j+1 )K(e; p 1 ) = K(y r p 0 1 ; y j+1 )K(y j+1 ; y j+1 p 1 ) = K( j ; y j+1 )K(y j+1 ; y j+1 p 1 ); POSITIVE DEFINITE KERNELS AND UNIVERSAL ALGEBRAS 9 proving that the relation (2.4) holds. The case q = 2k ? 1 can be treated similarly.
This completes the proof of subcase ( ) and also case (ii). Summing up the above results, we conclude that the relation (2.3) is true. Since the kernels Kj j j and Kj fyj+1P1g fyj+1P1g are positive, using Lemma 2.1, we infer that Kj j+1 j+1 is positive de nite. The induction argument shows that Kj n n is positive de nite for any n = 1; 2; : : :. This shows that Kj Z2k Z2k is positive de nite and completes our inductive argument to prove that Kj Zm Zm is positive de nite for any m = 0; 1; 2; : ::. According to the remarks considered at the beginning of this proof, we infer that Kj X X is positive de nite.
Similarly, one can prove that Kj Y Y is positive de nite. Since
using Lemma 2.1 again, we deduce that K is positive de nite on P 1 P 2 . This completes the proof.
Corollary 2.3. Let P i (i = 1; 2) be unital semigroups. If K i : P i P i ! B(H), K i (e; e) = I H , are positive de nite Toeplitz kernels, then the free product K 1 K 2 is a positive de nite Toeplitz kernel on P 1 P 2 .
Let G i ; i 2 I f1; 2; : : :g; be groups and G = i2I G i be the free product group. Consider u i : G i ! B(H) such that u i (e) = I H . We de ne the free product function u := i2I u i in the following way. If x 2 G; x 6 = e and x has the unique representation x = a 1;i1 a k;ik ;
where a j;ij 2 G ij and i j 6 = i j+1 ; j = 1; : : :; k ? 1, then we set Proof. According to Corollary 2.3, it is enough to prove that the kernel K u is equal to the free product kernel of K ui (i 2 I), i.e., K u = K ui in the sense of the de nition given in the beginning of this section. This is a straightforward computation, so we omit it. Let us consider some examples of positive de nite kernels on semigroups.
Example 2.5. Let The following example shows that one can de ne many di erent positive de nite Toeplitz kernels on the unital free semigroup on n generators.
Example 2.8. Let n; n 1 ; n 2 ; : : :; n k 2 f1; 2; : : :g such that n = n 1 + n 2 + + n k , and consider fT ij g i=1;2;:::;k Other examples of positive de nite Toeplitz kernels on free semigroups are considered in Po3], Po5], and also in Section 4.
3. The structure of positive de nite Toeplitz kernels Let P be a unital semigroup and let K : P P ! B(H) be an operator-valued kernel such that K(e; e) = I H . An isometric representation of P on a Hilbert space K is a function V : P ! B(K), where values are isometric operators on K, and such that V (e) = I K , V ( !) = V ( )V (!) for any ; ! 2 P. We will denote such a semigroup of isometries by fV ( )g 2P . We say that K has a Naimark dilation if there is a Hilbert space K H and fV ( )g 2P a semigroup of isometries on K such that (3.1)
where P H is the orthogonal projection of K onto H. The Naimark dilation is called
De nition 3.1. Let K : P P ! B(H) be an operator-valued kernel. We say
for any ; ! 2 P; (ii) K is Toeplitz if it is -Toeplitz for any 2 P; (iii) K is -bounded ( 2 P Let us observe that every element in K 0 can be considered as a nite sum of terms of type f (t)hg t2P (h 2 H) and hence every element k 2 K 0 can be decomposed into a nite sum of terms of the type V ( )h; 2 P; h 2 H. This implies K = W 2P V ( )H, i.e., the Naimark dilation is minimal.
To prove the uniqueness, let fV 0 (s)g s2P be another minimal dilation of K on a Hilbert space K 0 H. One can prove that there is a unitary operator W : K ! K 0 such that WV (!) = V 0 (!)W for any ! 2 P, and Wj H = I H . To see this, it is su cient to de ne Theorem 3.5. Let P 1 ; : : :; P n be unital semigroups and let K i : P i P i ! B(H) (i = 1; 2; : : :; n) be positive de nite Toeplitz kernels. Then there exists a Hilbert space K H and a semigroup fV ( )g 2P1 Pn of isometries on K such that
for any ; ! 2 P 1 P n , and K = W 2P1 Pn V ( )H: Proof. According to Corollary 2.3, the free product kernel K 1 K n is a positive de nite Toeplitz kernel on the free product semigroup P 1 P n . Now, we can use Theorem 3.2 to complete the proof. Corollary 3.6. Let P i (i = 1; 2; : : :; n) be unital semigroups and let fT( )g 2Pi B(H) (i = 1; 2; : : :; n) be semigroups of contractions that have isometric dilations.
Then there is a Hilbert space K H and fV ( )g 2P1 Pn B(K), an isometric representation of P 1 P n , such that 
Isometric dilations of contractive representations of some semigroups
Let G be a discrete additive subgroup of real numbers and G + be the unital semigroup of nonnegative elements of G. De ne the free product semigroup n G + := G + 1 G + n ;
where G + i is an isomorphic copy of G + for any i = 1; 2; : : :; n. A reduced word in n G + has the form = t i1 t i2 t ik ; where i 1 6 = i 2 6 = 6 = i k ; i 1 ; : : :; i k 2 f1; 2; : : :; ng, and t ij 2 G + ij nf0g
(j = 1; 2; : : :; k).
Let fT i (s)g s2G + B(H) (i = 1; 2; : : :; n) be semigroups of operators, i.e.,
for any s; t 2 G + ; i = 1; 2; : : :; n, and such that For any = t i1 t i2 t ik 2 n G + with i 1 6 = i 2 6 = 6 = i k , let us de ne
Notice that T( )T(!) = T( !) for any ; ! 2 n G + , thus fT( )g 2 nG + is a semigroup of contractions.
Assume that G + is commensurable, i.e., it has the property that for any t 1 ; t 2 ; : : :; t k 2 G + nf0g there is t 2 G + and n 1 ; : : :; n k 2 f1; 2; : : :g such that t i = n i t for any i = 1; 2; : : :; k. For instance G + = Z + ; G + = Q + , etc.. hK( i ; j )h j ; h i i 0 for any 1 ; 2 ; : : :; k 2 n G + and h 1 ; : : :; h k 2 H. Assume that = t i1 t i2 t ik with t ij 2 G + ij = G + ; t ij 6 = 0. Then there exist t 2 G + nf0g and n 1 ; : : :; n k 2 f1; 2; : : :g such that t ij = n j t. Therefore, Moreover, the isometric dilation satisfying these properties is uniquely determined up to an isomorphism. According to Remark 3.3 part (iii), V (t i )K ? V (t j )K. Setting V i (t) := V (t i ), where i = 1; 2; : : :; n, and t i = t 2 G + , it follows that fV i (t)g t2G + (i = 1; 2; : : :; k) are semigroups of isometries with V 1 (t)V 1 (t) + + V n (t)V n (t) I K for any t 2 G + nf0g. It is easy to see that the relations (4.4) and (4.5) are satis ed.
The proof is complete.
Remark 4.2. Using Theorem 3.5, the result of Theorem 4.1 can be extended to systems of contractive sequences of semigroups of operators.
Universal algebras associated to some semigroups of operators
Let G be a discrete additive subgroup of real numbers and let G + be the unital semigoup of nonnegative elements of G. De ne the free product semigroup n G + := G + 1 G + n ; where G + i is an isomorphic copy of G + , for any i = 1; 2; : : :; n. A reduced word in n G + has the form = t i1 t i2 t ik ; where i 1 6 = i 2 6 = 6 = i k ; i 1 ; : : :; i k 2 f1; 2; : : :; ng, and t ij 2 G + ij nf0g
The length of is de ned to be j j := t i1 + + t ik . It is clear that n G + is a unital semigroup with the left cancellation property and no divisors of the neutral element 0 2 n G + . Let Since the semigroup n G + has the left cancellation property and no divisors of the identity, it is easy to see that for any i = 1; 2; : : :; n, and t 2 G + nf0g, the operator S i (t) is a unilateral shift on`2( n G + ).
For any reduced word = t i1 t i2 t ik de ne S( ) := S i1 (t i1 ) S ik (t ik ).
Thus, fS( )g 2 nG + is an isometric representation of the semigroup n G + on the Hilbert space`2( n G + ). Notice that for any i = 1; 2; : : :; n, and t 1 ; t 2 2 G + . Thus fS i (t)g t2G + nf0g is a semigroup of unilateral shifts. On the other hand, if i 6 = j; i; j 2 f1; 2; : : :; ng then S j (t)S i (s) = 0 for any t; s 2 G + nf0g. Therefore, (5.3) S 1 (t)S 1 (t) + + S n (t)S n (t) < I`2 ( nG + )
for any t 2 G + nf0g. For each n = 1; 2; : : :; denote by A n (G + ) the non-selfadjoint closed algebra generated by fS i (t)g t2G+ i=1;2;:::;n and let C r ( n G + ) be the C -algebra generated by fS i (t)g t2G+ i=1;2;:::;n . Notice that in the particular case when G + = Z + = f0; 1; 2; : : :g; A n (Z + ) is the noncommutative disc algebra A n introduced in Po1], and C r ( n Z + ) = C (S 1 ; : : :; S n ) is the extension through compacts of the Cuntz algebra O n (n 2).
for any s; t 2 G + ; i = 1; 2; : : :; n, and such that If kuk cb 1 (resp. u m is an isometry for any m 1) then u is completely contractive (resp. isometric), and if u m is positive for all m, then u is called completely positive.
From now on we assume that G + is a commensurable unital subsemigroup of 0; 1). (S i (t)) = XT i (t)X ?1 ; i = 1; 2; : : :; n; t 2 G + ; where fT i (t)g t2G + (i = 1; 2; : : :; n) are semigroups of operators with T 1 (t)T 1 (t) + + T n (t)T n (t) I H for any t 2 G + nf0g;
and X is an invertible operator. Let G be a discrete additive subgroup of real numbers and de ne the free product group n G = G 1 G n , where G i is an isomorphic copy of G for any i = 1; 2; : : :; n. Let`2 ( n G) = ff : n G ! C j X 2 nG jf( )j 2 < 1g and let fe g 2 nG be the canonical basis of`2( n G), i.e., e (t) = 1 if t = and e (t) = 0 otherwise. For each i = 1; 2; : : :; n and t 2 G, let U j (t) 2 B(`2( n G)) be the unitary operator de ned by U i (t)( X 2 nG e ) = X 2 nG e t (i) ) (t = t (i) 2 G i );
